
On-line Unsupervised Outlier Detection Using Finite
Mixtures with Discounting Learning Algorithms

Kenji Yamanishi
NEC Corporation

4-1-1,Miyazaki,Miyamae,
Kawasaki,Kanagawa

216-8555,JAPAN���������	��
�� ����������	� ������
�������� �!�

Jun-ichi Takeuchi
NEC Corporation

4-1-1,Miyazaki,Miyamae,
Kawasaki,Kanagawa

216-8555,JAPAN" �#�$�%����� �&���'
�� �������!�

Graham Williams
CSIRO Mathematical and

Information Sciences
GPO Box 664, Canberra ACT

2601, Australia(*) �#�+�#�,� -.�0/0/����#�	1���2�3�4 ��� �� ) �5���#6

ABSTRACT798�:<;�=�>@?BA >C:<>�D@:<=�EGFH=�IKJ3LM8�F�A�JONP>�F�:QJG;R=�ISIS8�>	=�FTA�JU:QJVNP=�F�=�F W X
ISYZ>CD�=4[$D\JO;�;4]K=�F^L0?QJO8$AKA >C:<>CDC:<=�E1F2X�F >C:`_!EG?<ab=�F�:S?<8 IS=�EGFBA >C:<>�D@:<=�EGF2X
F >C:`_!EG?<abNPE1F�=4:<EO?<=�F W XZ>@:<D1c9d�N*JO?S:@d�=4L0:<>C?\X$_fe =�D@eg_!>�JOh�h ?<>Ci�=�JU:<>
JOIjd�dZX#=�I*JGFVE18 :<;�=�>C?*A�>C:<>�DC:<=�EGFk>�F W1=�F�>lJ1A�?S?<>�ISIS=�F�W	:<e =�ImY ?<EGh n
;�>�NoL0?<E1No:<e�>�i�=�>C_fYZEG=�F�:pEOLqIr:QJU:<=�Ir:<=�D\JO;s;�>\JU?<F�=�F�Wj:<e�>�EO?S]�cutqe�=�I
Y�JGYZ>C?lY ?<EUi�=�A >�IbJv:<e�>�EO?<>C:<=�D\JG;Rh�JGIS=�IlL0EG?Kd d,JGF�A,>�NPY�=4?<=�D\JG;�;4]
A�>�NPE1F Ir:S?QJO:<>�If=4:<If>Cw�>�DC:<=�i&>CF�>�ISI�cqd�djA >C:<>�D@:<IxEG8 :<;�=�>C?<Ix=�FgJGFgEGF n
;�=�F�>mY ?<E�D�>CISIR:<e ?<E18 W1e^:<e�>uE1F�ny;�=�F >�8�F IS8�YZ>C?<i�=�IS>\A^;�>\JO?<F =�F�WjEGL!J
Y�?<E1h�JGh�=�;�=�Ir:<=�DRNPE�A >�;�z�8�IS=�F�WuJR[$F =�:<>xNP=4{�:<8 ?<>fNPE�A >�;}|�EGL�:<e�>x=�F n
L0EG?<N*JU:<=�EGF	ISEG8 ?<D�>1c�~�JGDQe�:<=�NP>�JbA�JU:<8�N�=�Ip=�F�Y 8 :pd�d^>�NPY�;�E\]�I
JOF	�O�$�y� �M�����G�M�@�<�G�������M���*���S�G�Q���0���*�1� �&�G�Q�M�0���T:<Eu;�>\JO?<Fj:<e�>xY ?<EGh n
JOh�=�;�=�Ir:<=�D�NPE�A�>�;�c��HISD�EO?<>u=�IfW1=�i&>CFb:<E�:<e >pA�JU:<8�N�h�JGIS>\AlEGFb:<e >
;�>\JU?<F�>\A�NPE�A >C;'XU_f=4:<emJxe =�WGemISDCEG?<>q=�F$A�=�D\JO:<=�F�W�Jfe�=�W1euYZE1ISIS=�h�=�;�=4:`]
EOLqhZ>�=�F WgJ*Ir:QJO:<=�Ir:<=�D\JG;sE18 :<;�=�>C?\c�tqe�>mF�EUi&>�;�L0>\JO:<8�?<>�IpEGL5d�dKJO?<>1�
� |�=4:�=�I�J1A�JOY :<=�i&>q:<ERF E1F�n�Ir:QJU:<=�E1F$JU?S]�ISEG8 ?<D�>CIsEOL+A�JO:QJ����1|#JRISD�EO?<>
e�JGImJlD�;�>\JU?�Ir:QJU:<=�Ir:<=�D\JO;}�O=�F L0EG?<N*JO:<=�EGF n':<e�>�EO?<>C:<=�DlNP>\JOF�=�F�W����&|p=4:
=�IuD�E1NPY 8 :QJU:<=�EGF$JO;�;4]	=�F >C{�YZ>�F�IS=�i&>G��JGF$Av�&|R=�:mD\JOF�e$JGF�A ;�>PhZEG:<e
D�JO:<>�WGEG?<=�D\JG;qJGF$ABD�E1F�:<=�F�8�EG8�IRiGJO?<=�JGh ;�>�I�cj��FB>C{�YZ>C?<=�NP>�F�:QJG;�JOY n
Y ;�=�D�JO:<=�E1FK:<E*F�>C:�_qEG?<ab=�F�:S?<8 IS=�E1FBA >C:<>CDC:<=�E1F^ISe�E\_fI9:<e�JO:Rd�db_qJGI
JOh�;�>�:<EP=}A�>�F�:<=4L0]lA�JO:QJ%_f=4:<e^e�=�WGe^ISD�EG?<>�Ix:<e$JU:�DCEG?S?<>�ISYZEGF$A >�A^:<E
JU:S:QJGDQa�I�XZ_f=�:<eK;�E\_�D�EGNPY�8 :QJU:<=�E1F$JO;�D�EGIr:<I�cp��8�?S:<e�>C?x>C{�YZ>C?<=�NP>�F�n
:QJO;5JGY Y�;�=�D\JO:<=�EGFVe�JGIu=�A >�F�:<=4[$>\A	JKF�8 N�hZ>C?�EOLfNP>\JGF =�F WGL08�;s?QJU?<>
D�JGIS>�I�=�FvJODC:<8$JO;se >\JG;4:<e	=�F IS8 ?QJGF D�>%Y�JO:<e�EG;�E1WG]	A�JU:QJjL}?<E1N ��8 Irn
:S?QJO;�=}J�¡ I9¢9>�JG;4:<eg£`F IS8 ?QJOF�D�>�¤!EGNPNP=�ISIS=�EGF2c

1. INTRODUCTIONtqe >�Y�?<E1h�;�>�NoEGL!E18 :<;�=�>C?�A�>C:<>�DC:<=�EGF�=�IREGF�>�EOL!:<e >mNPEGIr:9LM8 F$A JOn
NP>CF�:QJO;#=�ISIS8�>�Ip=�FBA�JU:QJbNP=�F�=�F�W�c�£�:9=�IpDC;�EGIS>�;4]K?<>�;�JO:<>\A^:<EbL}?QJG8$A
A�>C:<>�DC:<=�EGF2X�F�>@:`_qEO?<a	=�F�:S?<8�IS=�E1FvA >C:<>�D@:<=�EGF2X�>C:<DGc�X�IS=�F D�>bD@?<=�NP=�F�JG;
EO?fIS8�ISY =�DC=�EG8�IfJODC:<=�i�=4:<=�>�I5N*J�]%EOL0:<>�Fb=�F$A 8 D�>xIr:QJO:<=�Ir:<=�D\JG;+E18�:<;�=�>C?<I�c
¥ >pLME�D�8 I�EGFg:<e�>p=�ISIS8�>�EGL��G����� �0������� �Q�U¦ �@�Q§\�M�C�S�^�G���'� �y�@�m���@���S���
�����G�P=�Fl_fe�=�DQel:<e�>�LME1;�;�E\_f=�F�W*D�E1F�A =4:<=�E1F I�JU?<>p?<>\¨�8�=4?<>\A+�
� |�©q���'� �y�@�Q�^�G�S�K�&�@���<�C���S�kªQ�O���S�3�G�,��� �Q�U¦ �@�Q§\�M�C�S�k���S�G�Q���M���3�`«
�0� ���M�\«��O�@�%�G���'�G�¬�@�G���S�Q�\®£�F¯W1>�F >C?QJG;pIr:QJU:<=�Ir:<=�D�JG;uJGY Y ?<E&JOD@e >�I

:<E%EG8 :<;�=�>C?�A >C:<>�D@:<=�EGF2X�E1F�>R[ ?<Ir:f;�>\JO?<F I9JOFl8�F�A >C?<;4]�=�F�WmNPE�A >�;+EGL
:<e�>!NP>�D@e�JGF =�ISNHLMEG?sA JO:QJOnyWG>�F�>C?QJU:<=�E1F%L0?<EGN�>C{ JGNPY ;�>CI�X&JOF$Au:<e >�F
>�iGJG;�8$JU:<>�I!e E\_°;�JO?<WG>9JRWG=�i&>�FP=�F�Y 8 :sA�JU:<8�N±=�I!A�>�i�=}JU:<>\A�?<>�;�JO:<=�i&>
:<Ef:<e�>!NPE�A�>�;$z�IS>�>s>1c W c�X$² �@³ |@c ¥ >�?<>\¨�8�=4?<>!e >C?<>s:<e�JO:�:<e >!;�>\JU?<F�=�F�W
Y ?<E�DC>�ISI9hZ>�8�F IS8�YZ>C?<i�=�IS>\A�cf��;4:<e�EG8�WGeg:<e�>�IS8�YZ>C?<i�=�IS>\Ag;�>\JU?<F�=�F�W
h$JOIS>\A	JOY�Y�?<E&JGDQeB=�IpYZEGY�8 ;}JU?�=�F�L0?QJO8$ABA >C:<>CDC:<=�E1F´zS² � ³ X}² µ ³ X�² �1�@³ |@X
:<e�>�8 F�IS8�YZ>@?<i�=�IS>\Ab;�>�JO?<F�=�F WPh$JGIS>�AgE1F�>�=�I9F EG:xE1F ;4]gNPEG?<>R:<>CD@e�n
F�=�D\JO;�;�]%A =4¶PD�8 ;4:sh 8 :�JO;�ISE�NPEO?<>qY ?QJODC:<=�D\JG;�;4]%=�NPYZEG?S:QJOF�:\X&IS=�F�D�>f=�F
?<>\JO;�IS=4:<8$JU:<=�EGF�If;�JGhZ>�;�>\Ag>@{�JONPY�;�>�I5NP=�W1e�:fF EG:fhZ>�J\i1JO=�;}JOh�;�>1c
�1|^·2���u¦��S�\�Q�@�<�b�M�P�G�$�y� �M���\Ktqe$JU:%=�I�X�>�i&>@?S]	:<=�NP>*J^A�JU:<8�N =�I
=�F�Y 8 :\X$=4:�=�Ix?<>\¨�8 =�?<>�Al:<EP>�i1JO;�8$JO:<>�e EU_H;�JO?<WG>u:<e >�A�JO:<8 N®=�I�A >@n
i�=�JO:<>\A%?<>�;�JO:<=�i&>x:<E�JpF EG?<N*JG;�Y$JO:S:<>@?<F2c�£`FPDCE1F�:S?QJGIr:\X�NPE1Ir:!>C{�=�Ir:Sn
=�F�W*_qEO?<a^E1FBE18 :<;�=�>C?�A�>C:<>�DC:<=�EGFkz�>1c W�c�X�² �C³ X�² ¸ ³ X�² µ ³ X�² �G�C³ |m=�FBIr:QJO:<=�Irn
:<=�D�I5JOF$A*A�JU:QJ�NP=�F =�F Wp=�IqD�E1F D�>C?<F >\A%_f=�:<e*h�JO:<DQe n�A >C:<>CDC:<=�E1F*Y ?<EOn
D�>�ISIS>CI�X!=�F�_fe�=�DQeVEG8 :<;�=�>C?<I�D�JGF3hZ>lA�>C:<>�DC:<>�AvE1F�;4]3JUL0:<>C?%IS>�>�=�F�W
:<e�>f>�F�:<=4?<>�A�JO:QJOIS>C:\c�tqe�>xE1F�ny;�=�F >xIS>@:S:<=�F W�=�I!NPEG?<>5?<>\JG;�=�Ir:<=�D�:<e�JGF
:<e�>9h$JO:<DQelEGF�>R_fe >�FlEGF�>�A >�JG;�I5_f=�:<eb:<e�>9:S?<>�NP>CF$A EG8�IfJONPE18�F�:
EGL�A JO:QJu=�FlF�>C:�_qEG?<ajNPE1F =4:<EG?<=�F�W�X�>C:<DGc
¹ EO:<>j:<e�JO:u:<e�>C?<>*>C{�=�Ir:<I%EGF�;4]�JgLM>@_�_qEO?<a,z�>1c W ck² � ³ |�L0E�D�8�IS=�F�W
E1F^:<e >mEGF ny;�=�F >m8 F�IS8 YZ>C?<i�=�IS>�Ag;�>�JO?<F�=�F Wbh�JGIS>\AKJGY Y ?<E1JGDQe2cptqe =�I
Y$JOYZ>C?#=�F�:S?<E�A 8 D�>�I�d�N*JU?S:@d�=4L0:<>@?5z'JGh h ?<>�i�=�JO:<>\AuJGI#d�dR:<e ?<E18 W1e E18 :
:<e�=�IfY$JOYZ>C?@|@X�_fe�=�D@ebNP>�>C:<Iq:<e >R?<>\¨�8�=4?<>�NP>�F�:<I � |fJOF$Al�1|@c
tqe�>�JOY�Y�?<E&JGDQegEOL�d�N*JU?S:@d�=4L0:<>C?f=�I�JGI5LMEG;�;�E\_fI��
£S|xd�dl8 IS>�IRJPY�?<E1h$JOh�=�;�=�Ir:<=�DmNPE�A >�;�JGI9JP?<>CY ?<>�IS>�F�:QJU:<=�EGFKEGL!JGF

8�F�A >C?<;4]�=�F�W�NP>�DQe$JOF�=�ISNºEOL�A JO:QJOnyWG>�F�>C?QJU:<=�E1F2cstqe >9NPE�A >C;$:QJGa&>�I
Jbe =�>C?QJO?<DQe�=�D\JO;!Ir:S?<8�D@:<8 ?<>1X2=�FB_fe =�DQevJg���M�<�y�<�G�S�O�»�&�@���<�M��¼�_f=4:<e
JPF�8�N�hZ>@?�EOL�D�>�;�;�IR=�IR8�IS>\Al:<EP?<>�Y�?<>�IS>�F�:9JjY�?<E1h$JOh�=�;�=4:`]^A�>�F�IS=4:�]
EUi&>C?P:<e >gA EGN*JG=�FVEGLpD\JU:<>�W1EO?<=�D\JG;�i1JU?<=}JOh�;�>�IjJGF�A3L0EG?j>\JOD@ekD�>�;�;
JP½�� �M���j�m��¾G�����<�b�P�\�&�C�2=�Iu8�IS>\A	:<Eg?<>�Y�?<>�IS>�F�:u:<e�>*Y ?<EGh$JGh =�;�=4:�]
A >CF�IS=4:`]jEUi&>C?f:<e�>RA E1N*JO=�FlEGL�D�E1F�:<=�F�8�E18 Ifi1JU?<=}JOh�;�>�I�c
£S£S|�~�i&>C?S]	:<=�NP>*JKA�JU:<8�N =�I�=�F�Y 8 :\Xsd d�>�NPY�;�E\]�I�JOF�E1F�n�;�=�F�>

;�>\JO?<F =�F�W�JG;�WGEG?<=4:<e�N�:<ER8 Y�A�JO:<>q:<e >qNPE�A >C;'c ¥ >5e$J\i&>qA >�i&>C;�EGYZ>\A
:<e�>�¿�À�Á2Â¬Ã'¿��SÄC���@�����'�G�M� ¼RÀp�M�@�<�G�������M���RÁ��@¦$���&�Q�!Âq�Q���0�P�G���'�O�&ÅsJG;4n
W1EO?<=4:<e�NÆLMEO?�;�>\JU?<F�=�F�W,:<e >�e�=�Ir:<E1WO?QJGN´A >CF�IS=4:`]ÇLMEO?�:<e >vD\JU:<>Cn
W1EO?<=�D\JG;�A�E1N*JG=�Fvzyd�>�D1c ��c � |@X�JGF�Ab:<e�>P¿�ÀxÂ!ÈÉÃ'¿��SÄC���@�����'�G�M� ¼%Àp�M�Q�
�<�G�������M���KÂs¾@¦ �S�C�y�G���'�O�¬�G�Z�KÈB�\¾G�M����Ê��0���CÅ*JG;�WGEG?<=4:<e�NËzyd�>�D1c ��c �G|
LMEO?P;�>\JO?<F =�F�WK:<e�>*[$F�=4:<>jNP=4{�:<8�?<>PLMEG?�:<e�>jD�E1F�:<=�F�8�E18 I%A�E1N*JG=�F+c
tqe�>C=�?uNPEGIr:�=�NPYZEO?S:QJGF�:RL0>\JO:<8�?<>P=�Ip:<e�JO:p:<e�>@]°�O�M�@�Q�O��� ��:<e�>%>CL}n
LM>CDC:xEGL�Y$JOIr:x>C{ JGNPY�;�>�I5=�Fj:<e�>pE1F�ny;�=�F >RY ?<E�D�>CISI�c
£S£S£S|�d dvW1=�i&>�IPJKISD�EO?<>b:<EB>\JGDQe°A JO:<8 N.EGFV:<e >bh�JGIS=�IPEGLx:<e�>

;�>\JO?<F >\AbNPE�A�>�;�X�NP>\JGIS8�?<=�F�W�e E\_¯;�JO?<W1>R:<e >9NPE�A�>�;Ze$JOI5D@e�JGF�WG>\A
JOL}:<>C?q;�>\JU?<F�=�F�W�c�tqe�8�IsJRe�=�W1ePISD�EO?<>�=�F�A =�D\JO:<>CIqJpe�=�W1ePYZEGISIS=�h�=�;�=�:�]
:<e$JU:5:<e�>�A JO:<8�Nº=�IxJOFgE18�:<;�=�>C?\c



tqe >pF�EUi&>�;�LM>�JO:<8 ?<>CIxEOLsd�djJO?<>pIS8�NPN*JU?<=���>\AjJGI5LMEG;�;�E\_fI��
J1|�¿�¿m�M�s�&�&�@¦����M§G�!�y�9�Z�G���y�<�y�G���'�O�Z�G�Q¼��C�O���r�Q�@��#£`FpDCE1F�i&>�F�:<=�E1F�JG;
Ir:QJU:<=�Ir:<=�D�JG; JGY�Y�?<E&JOD@e >�I�X&=4:#=�I�8 IS8$JG;�;4]uJGISIS8 NP>\Ap:<e$JO:�JGFu8�F�A >C?<;4]�n
=�F W%=�F LMEO?<N*JO:<=�E1FlISE18 ?<DC>�L0EG?�A�JU:QJOnyW1>CF�>C?QJU:<=�EGF^=�IxIr:QJU:<=�E1F$JU?S]	² �@³ c
tqe =�IR=�I�X�e�E\_q>�i1>C?\X�F�EO:9?<>\JO;�=�Ir:<=�Dm_fe >�FKE1F >�A�>\JG;�I9_f=4:<eBA�?<=4L0:<=�F W
ISEG8 ?<D�>CI9EG?x:<=�NP>CnyIS>C?<=�>�IxA�JU:QJ�cftqe >�A =�ISD�E18 F�:<=�F W*JG;�W1EO?<=4:<e�N >�N%n
Y ;�EU]&>\Ajh�]bd d*;�>\JU?<F�Iq:<e�>�ISE18�?<D�>RLMEO?<W1>C:S:<=�F�W�E18 :SnyEOL0n�A�JU:<>9Ir:QJO:<=�Irn
:<=�D�IuEGLxA JO:QJ�X�8�IS=�F�W^J^A�>�D\J�]BL�JGD@:<EG?\X�e�>CF�D�>P=�Iu>C{�YZ>�DC:<>\AK:<E^hZ>
JGA�JOY :<=�i&>R:<E%F E1F nyIr:QJU:<=�EGF$JU?S]bISEG8 ?<D�>CI�c
hZ|����C�<�G�S���<�1���C�����G���S�lªC¼P¿ ¿^���G���j�����<�O�p�Q�y�O���M�<���'�<�1� �

�0�\«��G�Q�P�O���'�G�$�'�0���S�G�S�@���'�	�*�S�G� �M����T£�F°NPE1Ir:jY�?<>�i�=�EG8�IP_qEO?<aZXxJ
ISDCEG?<>j=�ImD\JG;�D�8 ;�JO:<>\A�8�IS=�F WBe >�8 ?<=�Ir:<=�D�IuIS8�DQe3JGImD�E1Ir:l² � ³ X}² � ³ JGF$A
;�JOD@a�I%JgIr:QJU:<=�Ir:<=�D�JG;��r8 Ir:<=4[$D\JU:<=�EGF2X#_fe =�;�>*:<e�>	�gJOe$JG;�JOF�E1h =�IPA =�Irn
:QJOF�D�>B² �C³ X�:<e�>j¨�8$JGA�?QJO:<=�DbA =�Ir:QJGF D�>K² � ³ X�² ¸ ³ _q>C?<>j8�IS>\A	:<EKISD�EO?<>
EG8 :<;�=�>C?<I*=�FkISEGNP>b_qEO?<aZc,d d�A >C[�F�>�IPJBISD�EG?<>bLMEG?jJBA�JU:<8�N.=�F
:<>@?<NPIxEOLsJ%Ir:QJO:<=�Ir:<=�D\JG;�A�=�Ir:QJOF�D�>�NP>\JOIS8 ?<=�F�WPe E\_T;�JO?<WG>u:<e >�A =�Irn
:S?<=�h 8 :<=�E1F�;�>�JO?<F�>�ABL0?<EGN�:<e�>�A�JU:<8�N�e�JGIpNPEUi&>\AgL}?<E1N�:<e >%E1F >
hZ>@LMEG?<>x;�>\JO?<F =�F�W c�tqe�8 I�=4:�=�IsF�JO:<8�?QJG; :<Ep=�F�:<>C?<Y�?<>C:#:<e$JU:qJRA JO:<8 N
EOL�e�=�W1ebISD�EG?<>�=�I�X�_f=4:<ege =�W1elY�?<E1h�JGh�=�;�=4:`]�X�JGFbE18 :<;�=�>C?\c
DU|p¿�¿	�0�u�Q�O�9¦$���y�G���'�O�Z�1�M� ¼l�M���S¾@¦ �@� �Q�0§G�\�tqe >�D�EGNPY�8�:QJO:<=�E1F�JG;

DCE1NPY�;�>C{�=4:`]9EGLZd�d�LMEO?#D\JO;�DC8�;�JO:<=�F�W9JxISDCEG?<>sL0EG?�>\JOD@euA JO:<8�N¬=�I�;�=�F n
>�JO?q=�F�:<e >5F�8�N�hZ>@?�EGL+Y$JU?QJGNP>C:<>C?<I�=�F%:<e�>5NPE�A�>�; JGF$AP¨�8�J1A�?QJU:<=�D
=�F¯:<e�>KF�8�NmhZ>C?jEGLmi1JU?<=�JGh�;�>�I�cº��EO?g>C{ JGNPY ;�>1Xx=�:lD\JGFÇY�?<E�D�>�ISI
JOhZE18�:pµ�
�X 
�
�
bA�JU:QJ�_f=�:<e^L0E18 ?RJO:S:S?<=�h�8�:<>�I9=�FB�O¸*IS>CD�E1F�A I�z��>CF n
:<=�8 N £S£S£�����
��l¢��U|@c
A$|p¿�¿3�<�G�3�&�<�G�����M�0�	ª<�G�0�	�<�G���'�&�G�Q�'�<�1�!�G�Z�^�<�G� ���M��� �G����§O�O�@���

�1ª����@���t�EpEG8 ?�a�F�E\_f;�>\A WG>1X d�d�=�I�:<e�>q[ ?<Ir:�E1F ny;�=�F�>f8�F IS8�YZ>C?<i�=�IS>\A
EG8 :<;�=�>C?sA >C:<>CDC:<EG?�:<e$JU:#D\JOFPA >\JO;�_f=�:<e�hZEG:<e�D�JO:<>�WGEG?<=�D\JG;�JGF�AmD�EGF n
:<=�F�8�EG8�IfiGJO?<=�JGh ;�>CI�c
tqe >gA�>�IS=�W1F3EGLRd�d�_qJGI%=�F�ISY =4?<>\A�h�]�:<e�>P_qEO?<a�h�]��!8�?<W1>bJGF$A
d�e$J�_5n�t�J�]�;�EO?P² � ³ cu798�?9_qEO?<a^A =4w�>C?<I�L0?<E1N.² � ³ =�F^:<e�>�LME1;�;�E\_f=�F�W
?<>CW&JO?QA�I�� � |9d db:S?<>\JO:<I�hZEG:<eKD\JU:<>�W1EO?<=�D�JG;�JGF�AKDCE1F�:<=�F�8 E18 I�iGJO?<=4n
JOh�;�>�I�X&_fe =�;�>p² � ³ A�>\JG;�I�E1F�;4]�_f=4:<e�D�EGF�:<=�F�8 E18�I#EGF�>�I�cs�G| ¥ e�=�;�>p² � ³
8 IS>�Iq:`_!E�NPE�A�>�;�I5=�F*:<e�>9JG;�W1EO?<=4:<e�Ng��:<e�>�;�EGF�Wu:<>C?<N�NPE�A >C;�JGF$A
:<e >fISe�EG?S:s:<>C?<N±E1F >1X d�dm8 F�=4[$>CIs:<e�>CN =�F�:<EpE1F >�NPE�A�>�; _f=4:<e%:<e >
JO=�N.EOL9JgDC;�>�JO?<>C?�Ir:QJO:<=�Ir:<=�D\JG;5NP>\JOF�=�F�WgJGF$A�Jg;�E\_q>@?%D�EGNPY�8 :QJUn
:<=�EGF$JG;�D�EGIr:\c��&|#d�d�8�IS>�I#>C=�:<e >C?sJ�Y�JO?QJGNP>@:S?<=�Ds?<>�Y ?<>�IS>CF�:QJU:<=�E1F�L0EG?
JmY ?<E1h�JGh =�;�=�Ir:<=�DpNPE�A >�;�EO?xJ�F�EGF nyY$JU?QJGNP>C:S?<=�D9EGF�>1X�_fe�=�;�>pE1F ;4]jJ
F E1F�n�Y�JO?QJONP>C:S?<=�DPE1F�>*=�Iu8�IS>\A	=�F¯² � ³ c^£�F3d�>CD1c ��c � X�_q>*D�EGNPY$JU?<>
EG8 ?#Y�JO?QJONP>C:S?<=�DsNP>C:<e E�AR_f=�:<e�:<e�>�F�EGF nyY$JU?QJGNP>C:S?<=�D�E1F >�:<ExISe�E\_
:<e�JO:�:<e�>qL0EG?<NP>C?�E18�:<YZ>C?SLMEO?<NPI�:<e >5;�JO:S:<>C?shZEG:<e%=�FPJOD�D�8�?QJGDC]%JGF$A
DCE1NPY�8�:QJO:<=�E1FbD�E1Ir:<I�c
¥ >5>�NPY�=4?<=�D\JO;�;4]%A >�NPEGF�Ir:S?QJO:<>q:<e >5Y ?QJODC:<=�D\JG;$>@w�>�DC:<=�i&>�F >�ISI�EGL�d�d
8 IS=�F�WK:<e�>lF >C:`_!EG?<av=�F�:S?<8�IS=�EGF°A JO:QJGIS>@:^z�������¤!8�Y � µGµ1µ&|l² � ³ c
�x;4:<e�E18 W1e�=�:9_5JGI�8 IS>\A�=�FK:<e�>%D�EGF�:<>C{�:pEGLqJbIS8�YZ>@?<i�=�IS>\AB=�F�:S?<8�n
IS=�EGF	A�>C:<>�DC:<EO?R;�>\JO?<F =�F�WjY ?<E1h ;�>�No=�F������ ¤!8 Y � µ1µGµ�X�_q>u8�IS>\A
=4:*=�Fk:<e >gISD�>�F�JO?<=�EvEOLpE1F�n�;�=�F�>l8�F�IS8 YZ>C?<i�=�IS>\AV=�F�:S?<8�IS=�EGF,A >@:<>�DCn
:<=�EGF2cv£�F3E18 ?�>C{�YZ>C?<=�NP>�F�:\X#LMEO?PJKF�>C:�_qEG?<avJGD�D�>CISI%;�E1W�A�JO:QJOIS>C:
EOLRIS=���>^���G¸�X 
��G¸	=�F�DC;�8�A =�F�W ��� ¸���=�F�:S?<8�IS=�E1F I�Xq=4:*A�>C:<>�DC:<>\A����! 
=�F�:S?<8�IS=�EGF�Iq=�F*:<e�>f:<E1Y �  A�JO:QJpEOL�e�=�WGe�>�Ir:!ISD�EG?<>�I�X�JGF�A*¸&�� ±=�F n
:S?<8 IS=�E1F�If=�Fl:<e >9:<E1Y"�� �A�JU:QJ�EGL�e�=�W1e >�Ir:xISD�EG?<>�I�c ¥ >RJG;�ISEP8�IS>\A
Jje�>\JO;4:<e�=�F�IS8�?QJGF D�>�Y�JO:<e�EG;�E1WG]�A JO:QJGIS>@:�IS8�Y�Y ;�=�>�ABh�]g:<e >%��8 Irn
:S?QJO;�=}JOFk¢�>\JG;4:<e�£�F�IS8 ?QJOF�D�>b¤!EGNPNP=�ISIS=�EGF3:<EKA�>�NPE1F Ir:S?QJO:<>P:<e$JU:
d d*_qJGI�JGh�;�>R:<E%=�A�>�F�:<=�L}]jIS>�i&>C?QJO;�NP>\JOF�=�F�WOLM8�;Z?QJU?<>uD�JGIS>�If=�Fg=4:\c

2. OUTLINE OF SMARTSIFTER# >C:Rz�$�%'&�|�A�>�F�EO:<>9J�A�JU:<8�N±_fe�>C?<>($KA >CF�EG:<>CIqJpi&>�DC:<EO?qEOL�D\JU:<>Cn
WGEG?<=�D\JO;#i1JU?<=}JOh�;�>�I�JGF�A)&3A >�F EG:<>�IxJ%i&>CDC:<EG?�EGL�D�EGF�:<=�F�8 E18�IfiGJO?<=4n
JOh�;�>�I�c ¥ >R_5?<=4:<>p:<e�>*�rEG=�F�:9A =�Ir:S?<=�h�8�:<=�E1FgEOLfz�$+%'&�|5JGI+,�z�$+%-&#|+.,�z�$�|/,�z�&10 $�|32 # >C:4,�z�$�|qhZ>�?<>CY ?<>�IS>�F�:<>\Agh�]lJj���M�<�y�<�G�S�O� ���@���<�M��¼
_f=4:<e^Ju[$F�=4:<>RF�8 N�hZ>C?5EOL�A =�I5�`E1=�F�:�DC>�;�;�Iuzyd�>CD1c ��c � |@X$JGF$A*LMEO?9>\JOD@e
DC>�;�;'X�LMEG?RJG;�;�$+I5:<e$JO:xL�JO;�;�=�F�:<EP=4:\X�;�>@:1,�z�&10 $�|qhZ>R?<>�Y�?<>�IS>�F�:<>\Agh�]

JGFl=}A�>�F�:<=�D\JG;�LMEO?<N EOL�JR½����M���p����¾G�����<���P�\���C�Zzyd�>�D1c ��c �1|@cs¢9>CF�D�>
_q>^Y�?<>�Y$JU?<>^JGIjN*JGF�]v[�F�=4:<>gNP=4{�:<8 ?<>bNPE�A >�;�IjJGI*D�>�;�;�Ij=�FV:<e�>
e�=�Ir:<EGWG?QJGN®A�>�F�IS=4:�]�c�¤!E1F IS=}A�>C?f:<e�>�IS=�:<8�JO:<=�E1Fj_fe�>C?<>RJmIS>\¨�8�>CF�D�>
EGL!A�JU:QJj=�IRWG=�i&>�F2��z�$�67%'&�6@|3%\z�$98�%'&98�|;:<:7:9=�F�JGFKE1F�ny;�=�F >mY�?<E�D�>�ISI�c
tqe�>�LM8�F�A�JONP>�F�:QJG;ZIr:<>�Y I5EGL�d�N*JO?S:@d�=4L}:<>C?fJO?<>pWG=�i&>�FbJGI5LMEG;�;�E\_fI��

� c�=9=�i1>�F�:<e�>?>`:<e3=�F�Y�8�:PA JO:<8�N z�$A@B%'&A@r|@X�=�A >CF�:<=4L}]�:<e�>jD�>�;�;
:<e$JO:	$ @ L�JO;�;�Ib=�F�:<EvJGF$Ak8�Y�A�JU:<>g:<e�>^e =�Ir:<EGWG?QJONËA�>�F�IS=4:�]
8�IS=�F�Wp:<e�>9dC� # ~vJO;�WGEG?<=4:<e�N�zyd�>�D1c���c � |�:<E�EGh :QJG=�FD,9E @5F z�$�|@c
tqe�>�F+X�L0EG?%:<e�JO:�D�>�;�;�Xq8�Y�A JO:<>P:<e�>*[$F =4:<>bNP=4{�:<8 ?<>*NPE�A >C;
8�IS=�F�W�:<e >�dC�R~1�^�GdC����G JO;�WGEG?<=4:<e�N zyd�>CD1c ��c �1|!:<E%EGh :QJG=�F, E @�F z�&*0 $�|@c���EG?xEG:<e >C?xD�>�;�;�I�X$IS>C:+, E @�F z�&10 $�|�.H, E @JI 6 F z�&10 $�|32

��cf¤qJG;�D�8�;�JU:<>�JBISD�EG?<>gL0EG?*:<e�>lA�JU:<8�N EGFk:<e�>bh$JOIS=�I*EOLR:<e�>
NPE�A >�;�I5hZ>CL0EG?<>uJGF�AlJOL}:<>C?�8�Y�A�JU:<=�F�Wlzyd�>�D1c ��c �1|@c

2.1 Categorical Variables�!>�;�E\_ _!>mA�>�ISDC?<=�hZ>ue�E\_T:<EP;�>\JU?<FK:<e >�e�=�Ir:<E1WO?QJGNoA >�F IS=�:�]gEUi&>C?
:<e�>9D\JO:<>�WGEG?<=�D\JO;�A E1N*JO=�F2c # >@:5:<e�>pF�8�NmhZ>C?qEOL�D\JO:<>�WGEG?<=�D\JO;�i1JU?<=4n
JGh ;�>�I9hZ>DK#c # >C:x:<e�>p?QJOF�W1>uEGL�:<e >�L':<e^D�JO:<>�WGEG?<=�D\JG;�iGJO?<=�JGh ;�>mhZ>MNE�O F .QP�R ESO F6 %7:7:7:T%BR E�O FU!V�W z�L1. � %7:7:<:A%BK2|@cm¤!;�JGISIS=4L0]B:<e�>CN :<EjE1h�n
:QJG=�F3Jl[�F�=4:<>*F�8 N�hZ>C?�EOL�A =�I5�rEG=�F�:mIS>C:<I��XPZY E�O F6 %7:�:<:A%BY E�O F[BV W z�L�.
� %�:<:7:A%\K�|3%U_fe >C?<>*Y E�O F]_^ Y E�O F` .bauzdc"e.bf�|�JOF$A M E�O F .hg [ V]<i 6 Y E�O F] 2
¥ >�D\JG;�;Z:<e�>xD�>�;�;TY E 6 F]Bj�k :<:7: k Y E�l F]\m :<e�>mzdc 6 %<:7:7:T%nc l |�:<eB�Q�C�M� c ¥ >
e$J\i&>poq.brs6 k :7:7: k r l D�>C;�;�Ix=�Fl:<EG:QJO;'cqtqe�=�Ix=�F�A 8 D�>�IfJ%Y$JU?S:<=4n
:<=�E1F =�F W%EGL#:<e >pA EGN*JG=�F2c=9=�i&>�F�IS8�DQe	JlY�JO?S:<=4:<=�E1F =�F WlEOLq:<e�>PA�E1N*JO=�F+X2JK���M�<�y�<�G�S�O�»�&�@�$�
�<�M��¼5LMEO?<NPIqJpY ?<EGh$JOh�=�;�=�:�]*A =�Ir:S?<=�h�8�:<=�E1F2X1_fe�=�D@eP:QJOa&>�IqJRDCE1F�Ir:QJOF�:
iGJG;�8�>uE1FB>\JGDQeBD�>�;�;�cutqe�>ue�=�Ir:<E1WO?QJGN A�>�F�IS=4:`]g=�I9ISYZ>�D�=4[$>\AKh�]^J
Y$JU?QJGNP>C:<>@?�tu. z�v 6 %7:<:7:A%\v ` |q_fe�>C?<>xw `]<i 6 v ] . � %yv ]xz 
*JOF$Av ] A >�F EG:<>�Im:<e�>lY�?<E1h�JGh�=�;�=4:`]3iGJG;�8�>jLMEO?P:<e�>NcG:<eVD�>�;�;�ck£�Lx:<e�>C?<>
JO?<>�{ ] Ir] NmhZE1;�I�=�F%:<e >4cGny:<ePDC>�;�;'X�:<e >fY ?<E1h�JGh =�;�=4:`]�i1JO;�8�>fEGL+>\JOD@e
Ir]�N�hZEG;T$B=�Fg=4:x=�IfWG=�i1>�Flh�]p,�z�$�||.bv ]�} { ] 2
¥ >P=�F�:S?<E�A 8 D�>Pe�>@?<>%:<e�>jdC� # ~TJO;�W1EG?<=4:<e Ngcgtqe =�Iu=�I�JgiGJO?<=�JOF�:
EGL�:<e�> # JOY�;�JGDC>%;�J\_pX+h�]g_fe =�DQeKE1F >�>�Ir:<=�N*JO:<>CI�:<e�>mY ?<EGh$JGh =�;�=4:�]
iGJG;�8�>5EUi&>C?sJRA�=�ISDC?<>C:<>fA EGN*JG=�F�_f=4:<e�~,2z�R�|�. z5�;�T�?��| } z5�N�)o��#|LMEO?l>�JGDQe¯>�;�>�NP>�F�:?RV_fe >C?<>�
������ � X���=�I*:<e�>^IS=���>KEGLuJ
A�JU:QJjIS>�¨�8 >�F�DC>1X��;�*=�I�:<e�>uF�8 N�hZ>C?xEOL!E�D�DC8 ?S?<>�F D�>�IREOL*Rg=�F^:<e�>
IS>\¨�8�>CF�D�>1X+JOF$A�o =�I9:<e�>uF�8�NmhZ>C?xEGLs>�;�>�NP>�F�:<I9=�F^:<e�>mA =�ISDC?<>C:<>
A EGN*JG=�F2c5tqe�>�dC� # ~°JG;�WGEG?<=4:<e�No=�I�ISYZ>�D�=4[$>�Agh�]lJPA =�ISD�EG8�F�:<=�F�W
Y$JU?QJGNP>C:<>@?�����z\��
&|!_fe >C?<>uJ�ISN*JG;�;�>C?����P=�F�A =�D\JO:<>CIx:<e�JO:9dC� # ~
e$JOIgJv;�JO?<WG>C?^=�F���8�>�F D�>^EGLuY�JGIr:g>@{�JONPY�;�>�IKz�IS>�>���=�W c � |@c tqe�># JOY�;�JGDC>u;�J�_¬=�Ix?<>\A�8�D�>�Aj:<E�:<e >RD\JGIS>pEOL����x����
�=�FKdC� # ~fc
2.2 Continuous Variables¹ >@{�:2_q>!A >�ISDC?<=�hZ>qe E\_v:<E�;�>\JU?<Fm:<e >sNPE�A�>�;�EUi&>C?�:<e >!D�EGF�:<=�F�8 E18�I
A EGN*JG=�F2c ¥ >�D�EGF�IS=�A >C?9:`_qEbi&>C?<IS=�E1F I��9:<e >�Y$JU?QJGNP>C:S?<=�Dmi&>C?<IS=�E1F
JGF�Aj:<e >pF�E1F�nyY$JO?QJONP>C:S?<=�DRE1F >1c
2.2.1 Parametric Version£`F¯:<e >	Y$JU?QJGNP>C:S?<=�D�i&>C?<IS=�E1FÇ_q>v>CNPY�;�E\]¯JGIKJ�[$F =4:<>	NP=4{�:<8 ?<>
NPE�A >C;1EUi&>C?+:<e�>�D�EGF�:<=�F�8�EG8�I+A EGN*JG=�F�Jx�f�G���<�<�'�G�%�m��¾G�����<�!�P�\�&�C� �

,�z�&*0 t&|�. `� O i 6�� O ,�z�&10 � O %'� O |3%
_fe�>@?<>xfl=�I�JPYZE1IS=4:<=�i&>�=�F�:<>�WG>C?\X � O z 
C%yw `O i 6 � O . � JGF�Al>\JOD@e,�z�&10 � O %'� O |l=�IKJ��&n�A =�NP>�F IS=�E1F$JO;p=RJG8 ISIS=}JOF�A =�Ir:S?<=�h�8�:<=�E1FH_f=4:<eA >CF�IS=4:`]jISYZ>�D�=4[�>\Alh�]jNP>\JGF	� O JGF�AbD�EUiGJO?<=�JGF D�>pN*JO:S?<=4{	� O �
���/�|� � O' J¡�O-¢T£ ¤�/¥7¦ ¢�§7¨ 8 � ¡|O � 6 ¨ 8�©'ª�«x¬® ¤¥ �/�  � O-¢¯9¡ I 6O �°�  � OJ¢±
_fe >C?<>xL1. � %�:7:7:T%BfKJGF�A��g=�I9:<e�>mA =�NP>�F IS=�EGFKEGLq>�JGDQe	A JO:<8�Ngc
¥ >9IS>C:�tD.�z � 67%B�|67%B��6<%�:7:7:T% � ` %'� ` %'� ` |@c



����������	�
������������ «�������� � �"!�#$�"#$%&!�'(� )�©+*$!�,-���"#/.1032 E�O F6  545464�  2 E�O F[BV�7 �98 £ ¤  645454� �:�¢\ ; �   < .=%�� >Z©5#/?@ �J© « ¤ ?BA�CEDF#$� ������G"�"HI�3� �"!�#JC�AK ©L�NM � O 6  54I454®  O l ¢T£QP � ¤SR O O RUT O\  8 £ ¤  6454I4® �:�¢ ?V . £ ¤@ �J© « ¥ ?BA�CEWX������,�©L�-©5�NY4«*��3� �"#$%-C�AZN)$�"GS© V R M � ME.X[\��,�«]GS©^[��"HB© ¢_ ©6��*a` @ £ �9b 6  5454I4®  b l ¢c !���©I��d\) � O 6  54I4I4®  O l ¢fe ��)adB©IG"Gfg
M @ � O 6  I4I4I4®  O l ¢ . £ � ¤  ; � ¢ M @JI 6 �"O 6  54I454®  O l ¢ihkj @ � O 6  546454®  O l ¢l E @5F � O 6  I4I4I4®  O l ¢ . £ M @ �"O 6  I4I454®  O l ¢/hm<� ¤  � ¤  ; � ¢ @ ¢ n ; � hUop<c !��+©I��d\)q`sr+2 E 6 F]Bjut 2 E 8 F]\vwt&4I4I4 2 E�l F] m g

� E @5F � ` ¢ . £ l E @�F �"O 6  645454�  O l ¢� 2 E 6 F]Bj � 4 � 2 E 8 F]\v � 46454 � 2 E�l F] m �
ZN)�©5�-© j @ �"O 6  I4I454®  O l ¢p£ ¤ � 'x��)�© V e � )y*��3� z$,{'f��G"G"[|�"#}� !&� )�©� O 6  54I4I4®  O l ¢fe ��)adB©IG"Gfg���#$* j @ � O 6  I45464�  O l ¢T£~P !�� )�©5� ZN�"[J©�?V . £ V h ¤����9���X�}����� ���a������	�
�����"�����

��=4?<Ir:\XU_q>�?<>�i�=�>C_	:<e >s=�F DC?<>�NP>�F�:QJG;1~1� JG;�W1EO?<=4:<e�N ² � 
 ³ L0EG?#;�>\JU?<F n=�F W)=RJO8�ISIS=�JGFKNP=4{�:<8 ?<>RNPE�A�>�;�I�c # >C:S:<=�F Ws��hZ>uJGF^=4:<>C?QJU:<=�E1FK=�F n
A�>C{�X _!>�A >C[�F�>RIS8�¶PD�=�>�F�:fIr:QJO:<=�Ir:<=�D�I�� E�� FO z�L9. � %�:7:7:T%Bf |qh�]
� E�� FO £ �3� E�� FO  ��� E�� FO   �¡ E�� FO���p�\�£ ¤ V 4 �

@�U i 6�� E��
FO ��� ¢'  @�U i 6�� E��

FO �9� ¢�4 � U   @�U i 6�� E��
FO �9� ¢�4 � U � ¯U �  

_fe >C?<>

� E�� FO zF��| �}�\�. � E�� I 6 FO ,�z�& U 0 � E"� I 6 FO %\� E�� I 6 FO |w `O i 6 � E�� I 6 FO ,�z�& U 0 � E�� I 6 FO %'� E�� I 6 FO | 2 z � |

¥ >�JG;�ISE*A >@[$F�>�� E"� FO z�r�|9z�L�. � %7:7:�:;% f |sLMEG?�& [ h�]
� E�� FO z�r�| �}�\�. �> :�� � E�� FO z�r�|3% � E�� FO z�r�||:<& [ % � E�� FO z�r�|�:7& [ & ¯[ � 2

tqe >!=�F�D@?<>�NP>�F�:QJG;�~4�ºJG;�WGEG?<=4:<e�NTL0EG?4=RJO8�ISIS=�JGFmNP=�{�:<8�?<>�NPE�A�>�;�I
DCE1F�IS=�Ir:<IxEGL#:<e >9LMEG;�;�E\_f=�F�Wj~#n�Ir:<>CY^JGF�A"�bnyIr:<>�Y	² � 
 ³ �
¡�¢5£�¤ �¥^� ¤!e�E�E1IS>%JlA�JU:<8�N & U L}?<E1N�:<e >�IS>\¨�8�>CF�D�>u& @ cx=9=�i&>�Ft E"� I 6 F X D�EGNPY�8 :<>

� E�� FO zF�Z|+. �> : � � E�� FO zF��|3% � E�� FO zF��||:<& U % � E�� FO zF�Z||:<& U & ¯U�� 2
tqe�>CFA%fIS>C:¦� E�� F .�� E�� I 6 F �~� E�� I 6 F zF��|T�§� E�� F zF��|32 zy�G|

¨©¢5£�¤ �¥^� ¤!E1NPY�8�:<>9:<e�>pF >C_Ç>�Ir:<=�N*JO:<>DtsE�� F h�]� E�� FO .«ª� E�� FO } � E�� FO JGF�A � E�� FO . ª� E�� FO } � E�� FO � � E�� FO � E�� F ¯O 2
tqe >qYZE1=�F�:�=�I�:<e$JU:�=�Fu:<e�>!~�nyIr:<>�Yu:<e�>!IS8�¶PD�=�>�F�:�Ir:QJO:<=�Ir:<=�D�Ix� E�� I 6 F
=�I�8 Y�A�JU:<>\A9?<>�;�JO:<=�i&>�:<EfL0EG?�JU?<h�=4:S?QJO?<=�;4]�DQe�E1IS>CFu& U c|�s]9?<>�YZ>\JO:<=�F W:<e >p=4:<>C?QJO:<=�E1FlEGL#:<e�>R~°JGF�A"� Ir:<>�Y If_pc ?\c :\c �1X�tCE"� F D�EGF�i1>C?<W1>�I�c
¥ >P=�F�:S?<E�A�8�D�>*e >C?<>%:<e�>jds�p~1� JG;�WGEG?<=4:<e�N h�]	NPE�A�=4L0]�=�F�Wl:<e >
=�F DC?<>�NP>�F�:QJG;2~4� JO;�W1EG?<=4:<e NoJOI5LME1;�;�E\_fI��
z'�R|P¤!e E�E1IS> & U =�F°:<=�NP>gEO?QA >C?\Xf=�c >1c�XxD@e E�E1IS>�& � JO:*:<e�>¬�C:<e

?<E18 F$A	=�Fv:<e >b~#nyIr:<>�Y2c �gJGa&>*E1F ;4]vE1F >*=�:<>@?QJO:<=�E1F3EGLf:<e >
~°JOF$A)� Ir:<>CY�IqLMEO?x>\JGDQeU�1c�tqe�=�IfN*JGa&>CIq:<e�>RY�JO?QJGNP>@:<>C?<I
8�Y�A JO:<>\Aj>�i&>C?S]*:<=�NP>pJ%A JO:<8 N�=�Ix=�F Y�8 :\c

z�5|u£�F�:S?<E�A�8�D�>jJKA =�ISD�EG8�F�:<=�F�W^Y�JO?QJGNP>@:<>C? �vz
H�Q� � � |p:<E
NPE�A =4L0]*:<e�>98�Y�A�JU:<=�F�W�?<8 ;�>�zy�1|q=�F�:<Em:<e�>9L0E1;�;�EU_f=�F W �

� E"� FO � .±z � � �&|L� E�� I 6 FO ���y:&z � E"� FO z��U|3% � E"� FO z��U|-& � % � E"� FO z��U|-& � & ¯� |3%
tqe�=�I�?<8�;�>!N*JOa&>�I�:<e >!Ir:QJU:<=�Ir:<=�D�I�>C{�YZEGF�>�F�:<=�JG;�;4]uA >�D�J\]p_f=4:<e
JmL�JODC:<EG?mz � � �1|qJGI5:<e >pIr:QJGW1>pY�?<E�D�>�>\A�I�c

 �G����®�£�L$:<e >!NPE�A =4[�D\JO:<=�E1F�=�Ifz�5|�EGF�;4]�XO_f=�:<e E18�:�z'�9|@XU_q>qEGh :QJG=�F
:<e�>fJO;�W1EG?<=4:<e N Y�?<E1YZE1IS>�A%h�] ¹ EG;�JGFgz�IS>�>f>1c W�cf² � 
 ³ |@cstqe�>xA >@:QJG=�;�I
EGL�:<e�>5ds�p~4�ºJG;�W1EO?<=4:<e�N±JO?<>5=�Fm��=�W c&��c ¹ EG:<=�D�>!:<e�JO:#=�F%��=�W�c���X&J
Y$JU?QJGNP>C:<>@? ¯j=�I�=�F�:S?<E�A 8�DC>\AR=�FuEO?QA >C?2:<E5=�NPY ?<EUi&>#:<e�>�Ir:QJGh =�;�=4:�]pEGL
:<e�>�>�Ir:<=�N*JO:<>�I5EOL � O X�_fe�=�DQeb=�I5IS>C:5:<E � 2 
-°Ç�s2 
�c+G�IS8$JG;�;4] � E�± FO .
� } fbJOF$A?� E�± FO IfJO?<>9IS>C:5ISEm:<e�JO:q:<e >C]jJO?<>�8�F =�L0EG?<NP;4]jA =�Ir:S?<=�h�8�:<>\A
EUi&>C?�:<e�>%A JO:QJPISY$JOD�>1cutqe >�D�EGNPY�8 :QJU:<=�E1Fg:<=�NP>uL0EG?p:<e >%ds�p~1�
JG;�WGEG?<=4:<e�N JU:5>\JOD@e*?<E18 F$AP=�IS²%z�� 8 f�|#_fe�>C?<>��%=�I!:<e�>�A =�NP>�F IS=�E1F
EGL�:<e�>pA JO:QJ�JOF$AXfb=�Iq:<e�>RF�8 N�hZ>C?!EGL+=RJO8�ISIS=�JGFKA�=�Ir:S?<=�h 8 :<=�E1F I�c
�����^³´��	�
����������� ��;  �µ9 �o .X%�� >Z©5# ¢@ �J©B« ¤ ?-A�C|DF#]� ������G"�"HI�3� �"!�#JC�A@ ©L� � E�± FO   � E�± FO  ��� E�± FO  n¡ E�± FO   �¡ E�± FO ��8 £ ¤  I¶"¶"¶S �o ¢ ?V . £ ¤@ �J©B« ¥ ?-A�C|W=������,�©5�J©5�NY4«*��3� �"#$%�C�AZN)$�"GS© V R M � M�. [\��,�«$GS©^[��"HB© ¢_ ©I��* � @'�!�� 8 £ ¤   ¥  I¶"¶"¶S �o

� E @5FO . £ � ¤  µ ; ¢ � E @JI 6 FO ���°� @ � � E @JI 6 FO  n¡ E @nI 6 FO ¢· `O i 6 � E @JI 6 FO ���°� @ � � E @nI 6 FO  n¡ E @nI 6 FO ¢ h µ ;o� E @�FO . £ � ¤  ; ¢�� E @JI 6 FO h ; � E @5FO�� E @�FO . £ � ¤  ; ¢3�� E @JI 6 FO h ; � E @�FO 4 � @� E @�FO . £¸�� E @�FO n�� E @�FO�¡ E @�FO . £ � ¤  ; ¢ �¡ E @JI 6 FO h ; � E @�FO 4 � @ � ¯@¡ E @�FO . £ �¡ E @�FO n�� E @�FO  � E @�FO � E @�FO ¯V . £ V h ¤ �E����� ���y¹=� �����^³´��	�
�����������
2.2.2 Non-Parametric Version£`F%:<e >fF�E1F�nyY$JO?QJONP>C:S?<=�Dfi&>C?<IS=�E1F%_!>�>�NPY ;�EU]�JGI!JR[$F�=4:<>fNP=4{�:<8 ?<>
NPE�A >C;+EUi&>@?x:<e >RD�EGF�:<=�F�8�EG8�IxA EGN*JG=�FgJJº&�@�@�Z�C�2����¾G�����S���%�\���C� �

,�z�&*0 v1|+. �»½¼� O i 6�¾ z�&	��v O |�% z'�&|

_fe�>@?<> » =�IxW1=�i&>CF2X�vx. PZv 6 %7:7:7:T%'v
¼ W

=�I9D�JG;�;�>\AKJ*IS>@:REGL�¦$�r�G�y�1�
��¼Q¦ �@�QX ¾ z\:+�Cv O |x=�Ix:<e�>ua&>C?<F�>C;�LM8 F�DC:<=�E1FBA�>C[$F >\AgJGIRJX=RJO8�ISIS=�JGF
A >CF�IS=4:`]�_f=�:<epNP>�JGF�v O JGF$ARiGJO?<=�JOF�D�>�N*JO:S?<=4{À¿�.�� LR�Á�zFÂ 8 %7:�:7:T%LÂ 8 |
LMEO?qJ�YZE1IS=4:<=�i&>fD�E1F Ir:QJGF�:NÂ�X&JGF$Au�u=�I#:<e�>fA�=�NP>�F�IS=�E1FmEGL+JpA JO:<8�Ngc
tqe�>mA =4w�>C?<>CF�D�>uhZ>C:`_!>�>�Fg:<e >uY�JO?QJONP>C:S?<=�D�JOF$AgF�EGF nyY$JU?QJGNP>C:S?<=�D
i&>C?<IS=�EGF�I�=�I�:<e�JO:+:<e�>�D�E�>C¶PDC=�>CF�:�i&>�DC:<EO?�JOF$AR:<e�>�iGJO?<=�JGF D�>sN*JU:S?<=4{
LMEO?pJ%[$F =4:<>uNP=4{�:<8 ?<>�JU?<>miGJO?<=�JOh�;�>m=�Fg:<e >�L0EG?<NP>C?9NPE�A >�;�X$_fe =�;�>
:<e�>@]lJU?<>R[�{�>\Aj=�Fj:<e�>p;�JO:S:<>@?�NPE�A�>�;�c
¥ >s=�F�:S?<E�A�8�D�>se�>C?<>�:<e�>x¿�À|Ã+Ä	Ã'¿Z�<ÄC���@� ���'�1�M� ¼9ÀR�M�@�Q�O��� ���M���|Ã5�r�1�
�y�G��¼Q¦ �sÄ�¦��&�G���M���CÅp�1� �&�G�Q�M�0���kLMEG?�EGF ny;�=�F�>q;�>\JU?<F�=�F�W�Y ?<EG:<EO:`]�YZ>�I#=�F
:<e�>fa&>@?<F�>�; NP=�{�:<8�?<>1c#tqe =�Is=�Ish�JGIS>\APE1F	=�?QJOhZ>�D1¡ I5JO;�WGEG?<=4:<e�N ² �O³ c
��EO?9JmW1=�i&>�FlA�JO:QJmIS>\¨�8�>�F D�>�& @ .�& 6 :<:7:'&A@ %�[�?<Ir:xA >@[$F�>G�

Å z�&10 & @ |�. @�
Æ i 6 Ymz5>3%LÇZ| ¾ z�&���& Æ |3%

_fe�>@?<>�Yuz5><%\>S| �p�\�. ��X Ymz5>3%LÇZ| �}�\�. � z � �?�&| @nI�È7I 6 L0EG?xÇmÉ�>®� � JOF$A
x� �u� � =�IqJuA�=�ISD�E18 F�:<=�F WuLMJGDC:<EO?\c ¹ EG:<>f:<e$JU: w @Æ i 6 Ymz5>3%\Ç$|+.



� e�EG;}A�I�c�¢9>�F D�> Å z�&10 & @ |s=�IfJ�_q>�=�W1e�:<>\AjIS8�N�EOL ¾ z�&	��& Æ |9zFÇ .� %�:7:7:T%\><|b_fe >C?<>v:<e�>�_q>�=�W1e�:BhZ>�D�EGNP>�I^;�JO?<WG>3JGIUÇT=�F�D@?<>\JGIS>�I�c
¹ >C{�:xA >C[�F�>9:<e >RI<¨�8$JU?<>p>C?S?<EG?xEGL;,�z�&*0 v&|s:<E Å z�&*0 & @ |!h�]

ª� 8 z�vm�!& @ |+. ��� ,�z�&10 v&|�� Å z�&10 & @ |�� 8 � &42
� EG?sJRF�>C_V=�F�Y 8 :�&A@�� 6 X1:<e >xdC����G,JO;�W1EG?<=4:<e N 8 Y�A�JU:<>�I�J9Y ?<EO:<EGn
:�]�YZ>(v E @�F =�F�:<E�v E @�F �	�pv E @5F h�]mD@e E�E1IS=�F�W
�uv E @�F ISEp:<e�JO:Eª� 8 z�v E @�F ��pv E @5F �A& @ & @�� 6<|R=�ImNP=�F =�N*JO;�8�F$A�>C?p:<e�>PDCE1F$A�=4:<=�EGF	:<e$JU:+ª� 8 z�v��& @ |#=�I!NP=�F�=�NP=���>\Auh�]uvD.�v E @�F 2�tqe�>xA >@:QJG=�;�IqJO?<>xISe�E\_fFP=�F*��=�W c ��c
������{��	�
����������� z���%LÂ;% » ��W1=�i&>�F$|@ �-©B« ¤ ?�A�C|DF#$� � ����G"�"H6�3� �"!�#1C�A@ ©L� l E�± FO ��8 £ ¤  I¶"¶"¶S ��N¢ [�!|��)��3�N� )�©��q���J©Sz$#$� '�!���,�G ��*]�"[ � �����$z]�J©5*/?V . £ ¤@ �-©B« ¥ A�C|W � !���!����!«s©|Y+«*��3���"#]%�C�AZN)$�"GS© V R M � M�. [���,�«$GS©([��"HB© ¢_ ©I��*a` @'9!��N��G"G �"O  ��? \oC ��°¢� E @�F`�� . £ ; ��� 4 ��b @�� 6�� �  l E @�F`�� ¢ ©'ª�« � �� �! #" j I%$'&  #() � v*�+ v ¢ · ¼O i 6 �fl E

@�FO �  l E @�F`'��¢ ©'ª�« �  � $ &  ,(V I-$ &  ,() � v*�+ v ¢ ��,. ©I�J© l E @�F`'� *�©5#$!��J©5[^� )�© � � )qd5!�,�«!�#�©5#��^!�' l E @�F`�¶ ¢/ E @�F]'0 `�� . £ � j 0 �  E $ &  ,()21 I-$ &  ,(3�1 F E $ &  #()54 I-$ &  ,(3�4 F8 + v ¢ ©'ª!« �  � $ &  #() I-$ &  ,(3 � v*�+ v ¢@ !�G >Z©(� )�©�G"�"#�©I���+©56}z��3� �"!�#/. · ] � 0 / E @�F]'0 `��87 l E @�F]'0 £ � E @�F`'�� oy£ ¤  6¶"¶"¶S �� g �C£ ¤  6¶"¶"¶S �9�¢ '�!��x��G"G �"O  ��x¢l E @�� 6 F]20 . £ l E @�F]'0 h 7 l E @�F]20V . £ V h ¤ ���9��� ���;:=� ������{�a	�
�i���������
 �G����®	tqe >KD�E1NPY 8 :QJO:<=�EGFk:<=�NP>lLMEO?b:<e >KdC���+G�JG;�W1EO?<=�:<e NÉJU:
>�JGDQe°?<E18 F$Ak=�Is²%z�� 8 » 8 |m_fe�>@?<>���=�IP:<e >^A =�NP>�F IS=�EGF°EOLuA�JO:QJ
JOF$A » =�IR:<e�>uF�8 N�hZ>C?9EGL!Y ?<EG:<EO:`]�YZ>�I�cmtqe�>%dC����G JG;�W1EO?<=4:<e�N
DCE1=�F�D�=�A�>�IR_f=4:<e =�?QJOhZ>�D1¡ I�JG;�WGEG?<=4:<e�N.² �U³ =�F^:<e >mD\JOIS>m_fe >C?<>u_!>
;�>C:(�mhZ>9:<=�NP>pA >�YZ>CF$A >CF�:5JGI(��. � } >Cc
tqe >gF�EGF nyY$JU?QJGNP>C:S?<=�Dji&>C?<IS=�E1FVEGLpd�dvD\JOF°hZ>b:<e E18 W1e�:%EOLpJGI%J
iGJO?<=�JOF�:REGL1�!8 ?<WG>PJGF�A�d�e�E\_5n�t�J�]�;�EO?\¡ IpY ?<E1WO?QJGN ² � ³ IS=�F D�>�:<e >C]
JU?<>^hZEG:<ekh$JGIS>�AkE1F�=�?QJGhZ>�DG¡ IjJO;�WGEG?<=4:<e�Ngch�gJZ�`EG?lA =4w�>C?<>�F D�>�I
hZ>@:`_q>C>�Fl:<e�>CN JO?<> � |5NP>@:<e�E�A I5EOL�A =�ISD�EG8�F�:<=�F�W�Y�JGIr:x>C{ JGNPY ;�>�I
JOF$A^�G|qNP>C:<e�E�A�IqEGL�ISD�EO?<>pD\JG;�D�8 ;�JO:<=�E1F+c

2.3 Score Calculation�s>�;�EU_¬_q>pWG=�i&>�J�NP>C:<e E�AjEOL#D\JG;�D�8 ;�JO:<=�F�W*J�ISDCEG?<>pLMEO?9J�A�JO:<8 Ngc# >C:�, E @�F z�$+%-&#|phZ>*:<e >��rE1=�F�:PA�=�Ir:S?<=�h 8 :<=�E1F�EGh :QJO=�F >\A�JO:u:<=�NP>N>CX
=�c >1c�X , E @�F z�$�%'&�|4.�, E @�F z�$�|/, E @�F z�&*0 $�|@c*=9=�i&>CF^JGFg=�F Y�8 :uz�$ @ %\& @ |fJU::<=�NP>y>@X _!>�A >C[�F�>R=4:<I=<��C�M� �M�����@�9�C�<�G�S��JOI
�?> � ` @   � @ ¢T£ ¤; 8 �5@BA ¬DC � E @�F � `   � ¢  C � E @JI 6 F � `   � ¢ ± 8 9 �  
_fe�>@?<>N�l=�I�J^A�=�ISD�E18 F�:<=�F WgY$JU?QJGNP>C:<>C?�_fe >C?<>P_q>*IS>C:u� � . ��c
£�F�:<8�=4:<=�i&>�;4]�X�:<e�=�I%ISD�EO?<>lNP>\JOIS8 ?<>�I%e E\_ ;�JO?<W1>b:<e�>gA�=�Ir:S?<=�h 8 :<=�E1F, E @�F e�JGIfNPEUi&>\APL0?<EGN , E @JI 6 F JOL}:<>C?9;�>\JU?<F�=�F�WmL0?<E1N z�$ @ %\& @ |@c
¥ >�JG;�ISE*A >@[$F�>RJGF�EO:<e�>C?fISDCEG?<>�D\JG;�;�>\Al:<e >%���<�&�G�Q�M�0�������m���G�<�!JGI

�FE�z�$A@'%'&9@`|�._�b;�E1WA, E @JI 6 F z�$A@r|���;�EGW9, E @nI 6 F z�&A@<0 $A@r|32
��?<E1N :<e�>�i�=�>C_fYZEG=�F�:uEOL5=�F LMEO?<N*JO:<=�E1F�:<e�>�EO?S]�X2:<e >%;�E1W&JU?<=4:<e�NP=�D
;�EGISIxD�JGFlhZ>x:<e�EG8�W1e�:5EOL�JGIq:<e >9D�E�A�>�;�>�F�WO:<el?<>\¨�8�=4?<>\AP:<E�>CF�D�E�A�>
z�$A@ %\&9@�|*8 F$A�>C?b:<e >BJGISIS8�NPY�:<=�E1F°:<e�JO:lJVA JO:<8 N =�IjW1>�F >C?QJO:<>�A
JOD�D�EO?QA =�F�W%:<EPJmY ?<E1h�JGh =�;�=4:`]lA >CF�IS=4:`]p, E @nI 6 F c
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